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ABSTRACT. Given an infinite connected graph G, a way to randomly perturb its
metric is to assign random i.i.d. lengths to the edges of the graph, a process called
first passage percolation. Assume that the graph is infinite and of bounded degree.
Assume the edge length distribution, v, has a finite expectation and is supported
on [0,00). We prove in this paper that non-positive curvature almost surely is
not preserved by the associated percolation. In particular, Gromov hyperbolicity
and coarse CAT(0) property of graphs are almost surely not preserved. We also
show that if a graph contains a Morse geodesic ray, then the resulting image of
the ray under first-passage percolation is no longer Morse. Lastly, we show that
first-passage percolation almost surely is a radial map on G.

1. INTRODUCTION

First-passage percolation (FPP) provides a probabilistic framework for studying
random perturbations of a given geometric structure. In the classical model, one
assigns independent and identically distributed (i.i.d.) random edge lengths to a
fixed underlying graph. For more background, we refer to [HW65, ADH15].

To recall the setup, let X be a connected, undirected graph with vertex set V' and
edge set E. For each function w : £ — (0,00), we define a weighted path metric d,,
on V by assigning to each edge e € E the weight w(e). For vertices vy,v9 € V| the

distance d,,(v1,v9) is the infimum over all paths v = (eq, ..., e,,) joining vy to ve of
the length
ke = > e
i=1

When w(e) = 1 for all e € E, this reduces to the standard graph metric d. We
equip the space of all weight assighments € = [0, c0)® with the product probability
measure P, where the coordinate distributions are independent samples from a fixed
measure v supported on [0, 00).

A long-standing open problem in first-passage percolation asks whether the model
on Z? admits, with positive probability, a bi-infinite geodesic. Kesten (Saint-Flour,
1984)([Kes84]) attributes this question to Furstenberg, and it remains unresolved
despite partial progress by Licea and Newman [LLN96]. Their work also notes that the
conjecture—asserting the nonexistence of such geodesics—originated independently
in the physics literature on spin glasses. Wehr and Woo [WW98] later showed that
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in a half-plane model with continuous edge-length distributions of finite mean, no
two-sided infinite geodesics can occur.

The situation contrasts sharply when we allow the space to have negative cur-
vature. Benjamini, Tessera, and Zeitouni [BZ12, BT17] established several key re-
sults and posed influential open questions. Notably, [BZ12] proved the tightness of
passage-time fluctuations from the origin to the boundary of large balls, and [BT17]
showed almost sure existence of bi-infinite geodesics in hyperbolic spaces. Fur-
ther progress was made by Basu and Mahan [BM22]|, who studied FPP on hy-
perbolic groups. Under appropriate assumptions on the edge-weight distribution,
they demonstrated that the passage-time velocity exists generically with respect to
the Patterson—Sullivan measure and is almost surely constant by ergodicity of the
group action on JG. They also investigated coalescence phenomena and directional
variance of passage times. However, one question remains open, are the bi-infinite
geodesic lines in hyperbolic graphs after first-passage percolation still hyperbolic?
In this paper we answer this question in the negative.

We fix some notation for paths in graphs. For a simple graph X, a path v =
(é1,...,e,) joining vertices z and y consists of consecutive edges connecting v(0) = x
to y(n) = y. The subpath v([i, j]) = (€;+1, ..., €;) joins () to (), and infinite or
bi-infinite paths are defined analogously.

Theorem A. Let X be a Gromov hyperbolic space, and an infinite, connected graph
with bounded degree. Suppose for any bounded set B, at least one component of
X\ B is not a tree. Assume Ew, < oo, Supp(v) = (0,00), and v({0}) = 0. Then,
there exists a full measure subset 2y C 2 such that for all w € 3 X, is not Gromov
hyperbolic.

Secondly, we show that even when the curvature is relaxed from coarsely neg-
ative to coarsely non-positive, this property is still not preserved by first-passage
percolation.

Theorem B. Let X be an infinite, connected graph and suppose X is quasi-isometric
to a CAT(0) space. Suppose X has bounded degree and is not a tree outside of any
bounded set. Assume Ew, < oo and v({0}) = 0. Then, there exists a full measure
subset Qo C Q) such that for all w € Qq, X, is not quasi-isometrically CAT(0).

Lastly, we look more generally at Morse boundaries of proper geodesic graphs.
We show that Morse rays do not map to Morse sets under first-passage percolation.

Theorem C. Let X be an infinite, connected graph with bounded degree and suppose
a is a Morse geodesic ray such that o has infinitely many disjoint paths joining two
vertices on a. Assume Ew, < oo and v(0) = 0. Then for almost every w, w(«)
admits no Morse gauge.

It is thus interesting to ask if there is a boundary at infinity that the first-passage
percolation is likely to preserve. In [JQ25] the authors relaxed the condition offered
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by [BT17] to a more relaxed condition which is the existence of a bi-infinite sub-
linearly Morse lines. Sublinearly Morse boundary is a large set of directions whose
Morse property relaxes as a sublinear function of the radius as a geodesic gravel
towards infinity. It is constructed to produce a metrizable, quasi-isometrically in-
variant boundary that is often also a topological model for suitable random walks
on the associated group [QRT22, QRT23, GQR22].

Lastly, we identify a geometric property of first-passage percolation. A map be-
tween metric spaces is radial if it maps geodesic segments that lie on geodesic rays
emanating from a fixed basepoint, o, to quasi-isometric segments. That is to say, it
behaves like a quasi-isometry only along radial directions. We show that

Theorem D (Corollary 5.6). Let o be a vertex of X. Then there exists a ¢ > 0
such that for a.e. w, there exists ro = ro(w) such that FPP is a (c,re)-radial map
with respect to o.

We anticipate this result will help us understand how first-passage percolation
changes the metric property on sublinearly Morse boundaries.

Open questions. Theorem A and Theorem C show that first-passage percolation
does not preserve all phenomenon born from negative curvature, and Theorem B
shows that it does not preserve curvatures bounded from above. We ask if it is
more likely that first-passage percolation preserves a phenomenon born from positive
curvature or curvatures bounded from above. Specifically, we ask the following. Let
X be an infinite graph with uniformly bounded degree:

e Let X be quasi-isometric to an Alexandrov space, is X, almost surely an
Alexandrov space?
e Let X be quasi-isometric to an injective space, is X, almost surely an injec-
tive space?
These questions are not assuming the existence of bi-infinite geodesic line, which is
also open for these two spaces. Lastly given the result of [J)25], it makes sense to
ask:

e [s first-passage percolation likely to preserve sublinearly Morse boundaries?

We anticipate a positive answer in the upcoming work of [JQ]. If the answer is
positive, then given the positive result on radial map, and in 2015 it is shown
[DV15] that radial maps induces Hélder continuous map on Gromov boundaries, it
is then natural to ask

e Does first-passage percolation almost surely induce a Hélder map on the
sublinearly Morse boundary?

Acknowledgement. The third-named author would like to thank Gabriel Pallier
and Romain Tessera for helpful discussions.



4 DOMINIC BAIR, SAGNIK JANA, AND YULAN QING

2. PRELIMINARIES

2.1. First-passage percolation.

(X,d) be a connected graph with vertex set V' and edge set E. with the graph
distance metric d. Fix a probability measure v supported on [0,00) and consider
the product probability space

Q=1[0,00)% P=v%F

A typical element of (Q2,P) will be denoted by w = {w(e)}ecr. We define i.i.d
random variables X, : Q — [0,00) as X.(w) = w(e) with law v. Assigning w(e) as
the length of edge e defines a random metric (apriori, a pseudometric) on X, known
as the first-passage percolation (FPP) metric. The metric is defined as follows:

Definition 2.1. Let v = {ey,...,ex} be an edge path in (X,d). For w € Q, the
w-length of v is defined as,
[vl.=D_wle)

ecy
The time coordinate of v under w is defined as the random variable T'(y,w) on (€2, P)
and
T(v,w) = ||,
The FPP distance is defined by,

ds(z,y) = inf|y|
Y

where the infimum is over all paths v with terminal vertices x and y. A path realizing
d,(x,y) is called a w-geodesic. The first-passage time between x and y is defined as
the random variable T'(z,y) on (€2, P) and

T(z,y)(w) = du(z,y)
Further, if I' is a set of paths on (X, d) with positive measure, the first-passage time
of I' under w is defined as

T =inf T :

r(w) = inf T(y,w)

2.2. Geometric implication of first-passage percolation. We end this prelim-
inary section with a brief summary of known results on first-passage percolation
required for the proofs that follow.

Definition 2.2 ([HW65], 2.2). Two sets of paths I'; and I'y are said to be equiv-
alent under lateral shift is there exists a one-to-one mapping f of I'; onto I'y
such that for every subset of paths 71,7s,...,7: belonging to I'y, the joint dis-
tribution T'(y1,w), T(v2,w), - .., T(7k,w) is identical with the joint distribution of

T(f(71)7w)7T(f(’72)7w)7 T ’T(f(’)/k:)’w)‘

Theorem 2.3 ([HWG65], Theorem 2.2.1). If I'y and I's are sets of paths equiva-
lent under lateral shift, then Tr,(w) and Tr,(w) are identically distributed random
variables.
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Example 2.4. (See Section 2.5 for more background.) Let G be an infinite finitely
generated group with finite symmetric generating set S. Let X = Cay(G, S). Let
I'; be the set of all paths connecting e to g € G. Let h € G. Then let I's be the
set of all paths connecting h to hg. Since G acts transitively and geometrically on

X by left action, we have hI'y = I's. Hence, I'y and I'y are equivalent under lateral
shift.

Proposition 2.5 ([BT17], Lemma 2.3).
Let X be a connected graph, and let v be a self avoiding path. Assume 0 < b =
Ew. < 0o. Then for a.e. w, there exists ro = ro(w) such that for alli <0 < j,

([, D)l < 2b(5 = 4) + 70

Proposition 2.6 (Lemma 2.4 [BT17]). Let X be an infinite connected graph with
bounded degree and assume that v(0) = 0. There exists an increasing function « :
(0,00) — (0, 1] such that lim;_,o a(t) = 0, and such that for all finite path ~v and all
e >0,

P([]w < elv]) < ale).

Proposition 2.7 ([BT17], Lemma 2.5). Let X be an infinite connected graph with
bounded degree, and let o be some vertex of X. Assume v({0}) = 0. Then there
exists ¢ > 0 such that for a.e. w, there exists 1y = r1(w) such that for all finite path
v such that d(~y,0) < |y|, one has

V|w > c|y] =7

2.3. Basic probabilistic tools. For the reader’s convenience, we collect in this
section a few basic results that will be used in the sequel. While these are standard,
their inclusion makes the paper more self-contained.

Lemma 2.8 (Borel-Cantelli). Let (A,)n>1 be a sequence of events in a probability
space (2, F,P).

(1) Ifi P(A,) < oo, then
n=1

P(An i.o.) = P(lim sup An> =0.

n—o0

(2) If the events (A,,) are independent and Z P(A,) = oo, then

n=1
P(An i.o.) =1.

The second part of this lemma will play a central role in several arguments
throughout the paper.
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Definition 2.9. Let X be a random variable. The distribution function of X is
defined as

Fx(z) =P(X <ux).
2.4. Background in coarse geometry.

Definition 2.10 (Quasi-isometric embedding). Let (X, dx) and (Y, dy) be metric
spaces. For constants ¢ > 1 and @ > 0, we say amap f: X — Y is a (¢, Q)-quasi-
1sometric embedding if, for all points xq, x5 € X

édml, 1) — Q < dy (F(n), f(22)) < qdx(n, 1) + Q.

If, in addition, every point in Y lies in the ()-neighborhood of the image of f, then
f is called a (g, Q)-quasi-isometry. When such a map exists, X and Y are said to
be quasi-isometric.

A quasi-isometric embedding f~': Y — X is called a quasi-inverse of f if for
every ¥ € X, dx(z, f~'f(z)) is uniformly bounded above. In fact, after replacing
q and @ with larger constants, we assume that f~! is also a (g, Q)-quasi-isometric
embedding,

Ve e X dX(x,f_lf(x)) <Q and VyeY dy(y,ff_l(x)) <Q.

A geodesic ray in X is an isometric embedding 5: [0,00) — X. We fix a base-
point 0 € X and always assume that 5(0) = o, that is, a geodesic ray is always
assumed to start from this fixed base-point.

Definition 2.11 (Quasi-geodesics). In this paper, a quasi-geodesic ray is a contin-
uous quasi-isometric embedding 5: [0,00) — X starting from the basepoint o.

The additional assumption that quasi—geodesics are continuous is not necessary
for the results in this paper to hold, but it is added for convenience and to make the
exposition simpler.

If : [0,00) = X is a (q,Q)-quasi-isometric embedding, and f: X — Y is a
(¢, Q)-quasi-isometry then the composition f o 8: [t;,t2] — Y is a quasi-isometric
embedding, but it may not be continuous. However, one can adjust the map slightly
to make it continuous (see Definition 2.2 [QRT22]) such that f o g is a (qq,2(qq +
qQ + Q))-quasi-geodesic ray.

Similar to above, a geodesic segment is an isometric embedding S: [t1,t] — X
and a quasi-geodesic segment is a continuous quasi-isometric embedding

ﬁi [tl,tg] — X.

Note that, if a segment is presented without a subscript, for example [y, yo], then
it is a geodesic segment between the two points. Let § be a quasi-geodesic ray.
Define

||| := d(o, x).
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Definition 2.12 (Morse property). Let (X, d) be a geodesic metric space. A set
I' C X is called Morse if it satisfies the following property:

For every ¢ > 1 and @ > 0, there exists a constant M = M(q, @), called a Morse
gauge, such that every (¢, Q)—quasi-geodesic vy with endpoints on I' stays within the
M-neighborhood of v; that is,

In particular, a quasi-geodesic is called Morse if it admits a Morse gauge.

Definition 2.13. [Gro87] Let (X, d) be a geodesic metric space and let 6 > 0.

(1) For any z,y,z € X, a geodesic triangle Axyz is said to be d-slim if each side
of the triangle is contained in the d—neighborhood of the union of the other
two sides; that is,

[, y] € Ns(ly, 2] U [z, 2])

and similarly for the other sides.
(2) The space (X,d) is called d-hyperbolic (or Gromov-hyperbolic) if every geo-
desic triangle in Xis d-slim.

A space is hyperbolic if it is d-hyperbolic for some § > 0.
2.5. Cayley graphs and group actions.

Definition 2.14. Let G be a group and let S C GG be a symmetric generating set,
i.e. s € Sifand only if s7' € S. The Cayley graph X = Cay(G, S) is the undirected
graph defined as follows:

(1) The vertex set is
V(X)={g]geG}
(2) The edge set is
B(X) = {{g.h} | g.h € G, g 'he s}
Henceforth, we will assume every graph, Cayley or otherwise, is undirected.

Definition 2.15. Let G be a group and X a set. A (left) action of G on X is a
map
2 GEGxX —X, (9,7)—g-z,

such that for all g,h € G and = € X:

(1) e-x = x, where e is the identity of G,

(2) g-(h-2)=(gh) .
Definition 2.16. Let G be a group acting by homeomorphisms (or isometries) on
a topological (or metric) space X.

(1) The action is free if g - x = z for some x € X implies g = e.

(2) The action is properly discontinuous if for every compact set K C X, the set

{9eG:gKNK#0}

is finite.
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(3) The action is cocompact if the quotient space X/G is compact.

Example 2.17. Let X = Cay(G,S) be the Cayley graph of a finitely generated
group G with finite symmetric generating set S. The left-regular action

gh:gh7 g7h€G7

induces an action G ~ X by graph automorphisms. This action is free, properly
discontinuous, and cocompact; in particular, it is a geometric action.

CAT(0) spaces. A proper geodesic metric space (X,dx) is CAT(0) if geodesic
triangles in X are at least as thin as triangles in Euclidean space with the same side
lengths. To be precise, for any given geodesic triangle Apgr, consider the unique
triangle Apgr in the Euclidean plane with the same side lengths. For any pair of
points x,y on edges [p, q] and [p,r| of the triangle Apgr, if we choose points T and
y on edges [p,q| and [p,7] of the triangle Apgr so that dx(p,z) = de(p,Z) and
dX (p7 y) = dE (2_97 g) thena

dX (xa y) < dE2 (fa @)

Ficure 1. [BHO09] Non-fat triangles: The distance between the points
x and y is no greater than the distance between their comparison
points T and ¥.

A metric space X is proper if closed metric balls are compact. For the remainder
of the paper, we assume X is a proper CAT(0) space. Here, we list some properties
of proper CAT(0) spaces that are needed later (see [BH09]).

Lemma 2.18. A proper CAT(0) space X has the following properties:

1. It is uniquely geodesic, that is, for any two points x,y in X, there exists ex-
actly one geodesic connecting them. Furthermore, X 1is contractible via geodesic
retraction to a base point in the space.

it. The nearest-point projection from a point x to a geodesic line b is a unique point
denoted xy,. In fact, the closest-point projection map

Ty - X —b

18 Lipschitz.
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3. FIRST-PASSAGE PERCOLATION FOR HYPERBOLIC GRAPHS

In this section we will discuss if hyperbolicity is preserved under first passage per-
colations. Recall the definition of Gromov hyperbolicity in Defintion 2.13, classical
examples include trees (which are 0-hyperbolic), the hyperbolic plane H?. In this
paper we examine the Cayley graphs of word-hyperbolic groups, which are all Gro-
mov hyperbolic. Gromov hyperbolicity is a quasi-isometry invariant: if two metric
spaces are quasi-isometric and one is Gromov hyperbolic, so is the other.

A technical point arises when discussing hyperbolicity in the context of first-
passage percolation. Let X be a connected graph, and assign to each edge e
a nonnegative length w(e), interpreted as the passage time across e. While this
vertex-based metric suffices for many probabilistic questions, it is not the most nat-
ural framework for geometric considerations, such as Gromov hyperbolicity. Indeed,
the definition of d-hyperbolicity involves geodesics and their subdivisions (e.g. mid-
points), and these need not be realized at vertices of X. For this reason, we pass to
the metric realization of the graph X,: each edge e is replaced by a genuine interval
of length w(e), and we consider the resulting random metric space. Formally, for
each edge e = (v1,v2) € E, we glue the endpoints of an interval of length w(e) to
vy and ve. In this metric graph, geodesics are continuous paths parameterized by
arc-length, and notions such as midpoints are always well-defined. Crucially, this
construction preserves the w-distance between vertices while providing a setting in
which the standard definition of d-hyperbolicity applies without artificial restrictions
to the discrete vertex set. For Sections 3, 3.2, and 4, X, shall represent the metric
realization of X after percolation.

We first introduce the following example which captures the proof idea for general
cases.

Example 3.1. Suppose X is the Cayley graph of G = Z/2Z+Z /3Z with presentation
G = {a,b | a®,b®). See Figure 2. Then X contains countably many copies of a non-
degenerate triangle (that is any two edges do not contain the third edge) with 3
edges making up the geodesics of the triangle. Call these triangles T,, with edges
€n.1s €ny, €n3. Note X is 1-hyperbolic. Suppose Supp(w.) = (0,00). We claim that
for a.e. w, the metric realization of X, is not d-hyperbolic for any § > 0.

Proof. Suppose by way of contradiction that X, is d-hyperbolic for some § > 0.
We note that after percolation, the edges of each T,, may not be geodesics, so we
compute the probability that a given w(7},) has each side length greater than 3§ and
less than 44. This event, call it A,,, corresponds to w(7},) not being §-hyperbolic, but
also each edge of w(T},) being a geodesic. That is to say w(7},,) is a non-degenerate
w-triangle which is not d-slim. See Figure 3. The probability of A, occurring is
given by
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b%ab

/ \

____b?ab?

\a|b\ /

abz _— ~\\\\\\ o b2

N\

\

ba

A

pab?— 2P

FIGURE 2. Cay(Z/2Z xZ/3Z,{a,b | a® %))

FiGURE 3. Diagram showing that T, having side w-lengths 34 is not
0-hyperbolic, but is an w—triangle.

P(30 < w(en1) <40, 30 < w(ena) < 49, 30 < w(e,z) < 40)
=P(35 < w(e,1) <46)*  (Since w, are iid.)
= (F,,(40) — F,, (36))® = € > 0.
This € exists by the support of w, being (0, 00). O

Since each T,, differs only by translation by group action, the distribution of each
A, is i.i.d. In particular, each T,, is equivalent under lateral shift. Then

ZP35<wen1 Ze = 00.
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So by the second part of the Borel-Cantelli lemma (2.8),
P(A, i0.)=1.

Thus, with probability 1, infinitely many w(7},) will not be J-hyperbolic. This
contradicts X, being d-hyperbolic.

Definition 3.2. We call A abc a, w-geodesic triangle in (X, d,,) with vertices a, b,
and ¢ with edges being the w-geodesics [a, b],, [b, c|,, and [c, a],.

Note that Aabc and A abe have the same (triangle) vertices; however, their edges
and (graph) vertices along each edge need not agree.

Proposition 3.3 (FPP maps cycles to cycles). Let X be a graph that contains a k-
cycle v : [0, k] — X with vertices vy, vs, ..., vk, v1 such that (i) = vy fori € Z/kZ.
Suppose Supp(v) = (0,00) and v({0}) = 0. Then for a.e. w, X, w(y) is a cycle of
finite w-length in X, with vertices vy, vy, ..., Vg, V1.

Proof.

k+1

h}w = Zw(ei) < 00 a.s.

i=1
as w(e;) is almost surely finite for each 1 < ¢ < k + 1. Furthermore, w(y(i)) =
wW(vit1) = viy1 € X, for all 1 < i < k+ 1. Therefore, w(y) a.s. has finite length
with vertices vy, vo, ..., Uk, V1.

Lastly, by assumption, v({0}) = 0. Thus, for a.e. w, |€i‘w > 0 for all edges ¢; in

the k-cycle. Therefore, with probability 1, the cycle does not collapse to a point. [

3.1. Proof of Theorem A. To prove the main theorem, let us consider the follow-
ing proposition,

Proposition 3.4. Suppose 0 < § < 0o. Suppose X contains a k-cycle with vertices
Uy, Vo, ..., U, 1. Further, suppose the image of this cycle contains an edge e; =
[V, viv1] satisfying ‘ei|w > 46. Then X, contains a triangle that is not §-slim.

Proof. Case 1: Suppose w(e;) is not an w-geodesic connecting v; to v;y1. Then
there exists some w-geodesic path in X, from v; to v;11 with w-length < 44 that
does not contain w(e;). Call this path P. Observe that the concatenation of w(e;)
with P is a cycle in X, and |P}w < ‘ei‘w. Let a be the midpoint of P. Let m be
the midpoint of w(e;). Let b € [m, v, C w(e;) be the point satisfying d,,(m,b) = ¢
Let ¢ € [m,v;11]w C w(e;) be the point satisfying d,(m,c) = 6. Then d, (b, v;) > 9,
similarly d,(c,v;11) > 6. Further, the segment [b,c], on w(e;) is an w-geodesic
segment as d,(b,c) =25 < § + |P|w + 6 < d,(b,v;) + |P|w + dy(vis1, ). We need
not consider other paths as P is an w-geodesic path connecting v; to v; 1.

Then the path [a,v;], along P concatenated with [v;,b], along w(e;) is an w-
geodesic connecting a and b. Similarly, [a, v;11], along P concatenated with [v;11, ]
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along w(e;) is an w-geodesic connecting a to ¢. So A,abc is a non-degenerate w-
geodesic triangle in X,,. However, Nj([a,b].) U Ns(|a,cl,) does not contain m €
[b, c],. Thus A,abe is not §-slim.

Case 2: Suppose w(e;) is an w-geodesic connecting v; to v;4;. Recall that
the concatenation w(ey),...,w(e;),...,w(ex) is a cycle in X,. Denote the path
w(eit1),w(eiya), ..., w(e;—1) as P. That is all edges of the cycle not including w(e;).
Then P is a path connecting v; to v;;1. Since w(e;) is a geodesic connecting v; to v 41,
|P|w > ‘ei|w > 46. Then there exists some point ¢ € P satisfying d,(v;, q) > 24,
d,(q,vi11) > 20, and d,(q,v;) = dy(q,vi+1). This point ¢ exists as |P}w > 40 and
for a.e. w, X, is a geodesic metric space; thus for a.e. w, d, : X, x X, — R is well
defined and continuous. Let a = ¢, b = v;, and ¢ = v;31. Then A,abc is a non-
degenerate w-geodesic triangle. Further, Ns([a,b],) U Ns([a, c],) does not contain
the midpoint of [b, ], so A,abc is not §-slim. O

Theorem 3.5. Let X be a graph with bounded degree with the assumption that,
for every bounded set B, at least one component of X\ B is not a tree. Suppose
Supp(v) = (0,00) and v({0}) = 0, further assume that Ew, < co. Then for a.e. w,
the metric realization of X,, is not Gromouv hyperbolic.

Proof. Suppose, by way of contradiction, that X, is d-slim for some § < co. From
the assumption, it is clear that there exist infinitely many disjoint cycles, namely
{C, : n € N}. Suppose E' C F is the set of all edges in C,, for each n. Since
v({0}) = 0 and v has unbounded support, we have P(w(e,) > 40) = € for some
€ >0. Thus > 7 P(w(e,) > 40) = > 7, € = 0o. Since the w-length of each edge is
independent, by the second part of the Borel-Canelli Lemma, P(w(e,) > 49 i.0.) =1
for every e, € E’. Thus, with probability 1, there exist infinitely many cycles K, C
{C,, : n € N} such that in X, |e,|, > 40 for some e, € K,,. Now by Proposition 3.4
for a.e. w, X, contains infinitely many triangles that are not d-slim. This contradicts
the assumption that X, is 6-hyperbolic. O

From the above theorem, the following corollary about infinite hyperbolic groups
follows directly.

Corollary 3.6. Suppose G is a finitely generated, infinite hyperbolic group. Let S
be a generating set and let X = Cay(G, S) with generating set S chosen such that X
is not a tree. Suppose v has support (0,00). Then for a.e. w the metric realization
of X, is not Gromouv hyperbolic.

Proof. Since X is not a tree, there exists at least one cycle. Let C' be the cycle
of minimal length k£ and diameter r. Since G ~ X is properly discontinuous and
cocompact, and in fact, geometric, it sends C' to the cycle g; - C of the same length
for some g; € G. Suppose U; is the closed neighborhood of V(g; - C) of radius
r 4+ 1, where V (g, - C) is the vertex set of g; - C. Since X is infinite, there exists
g2 ¢ Up and the cycle gy - C' is disjoint from g; - C. By repeating this argument,
we get infinitely many disjoint cycles of size k. Now, from the assumption, suppose
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that X, is d-hyperbolic space for some § > 0. Then, by Theorem 3.5 for a.e. w, X,
contains a triangle that is not J—slim. ([l

3.2. Coarse CAT(0) spaces and first passage percolations. In this section, we
observe that the proof technique from the preceding section can be easily adapted to
other situations where the geometry comes from controlling the thinness of triangles.
One of these geometries is the CAT(0) geometry.

Let G be a finitely generated group. We say G is CAT(0) if the group acts cocom-
pactly, properly discontinuously, and by isometries on a CAT(0) space. Examples
of such groups include right-angled Artin groups, right-angled Coxeter groups, and
groups acting geometrically on spaces of strictly and uniformly negative curvature,
such as surface groups. CAT(0) groups can also be formed via free product and the
free amalgamated product of CAT(0) groups with suitable gluing. We note that
Cayley graphs of CAT(0) groups are quasi-isometric to a CAT(0) space.

Theorem 3.7. Let X be quasi-isometric to a CAT(0) space and suppose that there
does not exist a bounded ball B C X such that X\ B is acyclic. Then for a.e. w,
X, is not quasi-isometric to any CAT(0) space.

Proof. Since there does not exist a bounded ball B C X such that X\ B is acyclic.
X contains infinitely many disjoint cycles. Let {C;} be an infinite collection of such
cycles and let z; € C; be an edge from each cycle, respectively. Suppose the space is
(¢, Q)-quasi-isometric to a CAT(0) space, then every cycle can be of length at most
2q+@Q. Therefore, if any edge in a cycle has length more than 2¢+ @, it is not (¢, Q)-
quasi-isometric to a CAT(0) space. Thus, we need all edges to have w-length shorter
than 2¢ + Q. Since v({0}) = 0 and v has unbounded support, therefore we have
P(w(en) > 2¢+Q) = eforsome e > 0. Thus )"~ P(w(e,) > 2¢+Q) => 7 € = 0.
Since the w-length of each edge is independent, by the second part of the Borel-
Cantelli Lemma 2.8, P(w(e,) > 2¢ + @ i.0.) = 1 for every e, € E’. Thus, with
probability 1, there exist infinitely many edges with length greater than 2q + @,
which contradicts the claim that X, is (¢, @)-quasi-isometric to a CAT(0) space.
O

4. FIRST-PASSAGE PERCOLATION AND MORSE SETS

Morse boundary was first introduced by [CS15] for CAT(0) spaces and later gen-
eralized to all proper geodesic spaces by [Corl8] as the first Ql-invariant subset of
the visual boundary. The definition of Morse (See Definition 2.12) ensures quasi-
isometric invariance. Let o be a Morse geodesic ray in X. We begin by showing
that for a set of measure one, infinitely many geodesic segments along « in X are
no longer distance-minimizing segments in X,,.

Proposition 4.1. Suppose « is a Morse geodesic ray starting at some vertex o € «.
Let {R;}52, be a sequence such that 0 < Ry < Ry < ... and R; — 00 as j — 00.
Let Bg;(0) denote the ball of radius R; centered about o for all j > 1. Suppose o
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has the following property: There exist a fixed n > 1, and fixed k > n such that for
any ball, Bg,(0), there exist two vertices x;, y; on « with the following properties:

(1) d(zj,y;) = n,

(2) j,y; ¢ Br,(0),

(3) there exists a path, v;, of length k joining x; and y;,

(4) v; is disjoint from « except at the endpoints x;,y;,
Suppose v({0}) = 0, Supp(v) = (0,00), and Ew, < o0o. Then, there exists some
¢ > 0 that does not depend on j such that

P (‘O"[xjvyj]‘w = |7j|w) > c.
In particular,
P (‘ahwj,yj]}w 2 |7j|w i.0.) =1.

Proof. Let 7 > 1. Then, there exist some n > 1 and k£ > n such that there exist
vertices x;,y; € a with d(z;,y;) =n and z;,y; ¢ Bg,(0). Since « is a geodesic, the
segment o, is a geodesic with length n. Further, there is a path ~; of length k
joining x; and y;. Let D > 0. Then

P (‘al[xjvyj]‘w > }’lew) > P (’a“xjvyj}’w = ‘Vj}w > D)

e€al[z; y;] €€
> P ( Y w(e;) > Zw(el) > D)
i=1 =1
> P (iw(ei) >3D, 2D > w(e) > D)
i=1 =1
=P (iw(ei) > 3D> P (21) > wle) > D)

> P (w(e,) > 3D) P (2D/k > w(e;; > D/k)*

as Supp(v) = (0,00). Thus

> P (|l = 1il,) =D e=o.
j=1

7j=1
Therefore, by the second part of the Borel-Cantelli lemma (2.8),

P (|olie, 1], > ], i0.) = 1.



FIRST-PASSAGE PERCOLATION, NON-POSITIVE CURVATURE, AND RADIAL MAPS 15

U

Observe that Proposition 4.1 implies that for a.e. w, infinitely often, the w-geodesic
connecting points z;,y; € a will take a path consisting of at least one edge not
contained in «. Further, the w-length of the geodesic segment « 25,551 will be longer
than the w-length of 7;, which will, in turn, be longer than D. Note this does not
provide any information on the w-length of the w-geodesic connecting z; to y;.

We are now ready to prove Theorem C,

Theorem 4.2. Suppose « is a Morse quasi-geodesic ray with the assumption of the
Proposition 4.1. Then for a.e. w, the image of a (i.e. w(a)) is not a Morse set.

Proof. By the definition of Morse 2.12, it is sufficient to show the case where « is in
fact a geodesic ray, as any Morse quasi-geodesic is at most bounded distance from
a Morse geodesic. Suppose by way of contradiction that w(«) admits Morse gauge
M(q,Q) with M(1,0) = D. For each j > 1, let o be the w-geodesic joining z;
and y;. By assumption, w(«) is a Morse set. Therefore, for every j > 1, o/, will be
contained in a D-neighborhood of w(a) in X,, as each o is a (1,0)-quasi-w-geodesic
joining x; to y;. Where z; and y; satisfy the conditions from Proposition 4.1.
Therefore, by Proposition 4.1,

P(lale;wil, = [l o) = 1.

Thus, for a.e w, infinitely often, the w-geodesic, o/, contains at least one edge
that is not in w(a).

There exists a vertex p; € o, such that p; ¢ w(«). Thus, d,(p;,w(a)) < D.
In particular, there is a path o, connecting p; to w(a) which contains at least
one edge, e; with d,(p;,w(a)) = |0-j‘w > ‘ej‘w. Let A; = {‘ej|w > 3D}. Since
Supp(r) = (0,00), P(A;) = € > 0. Then, by the second part of the Borel-Canteli
Lemma, 2.8, P(A; i.0.) =1. Thus, for a.e. w, d,(p;,w(a)) > 3D for infinitely many
j > 1. This contradicts w(«) admitting Morse gauge M. O

The next corollary shows that, in the setting of a finitely generated group G
with Cayley graph Cay(G, S), the hypotheses of Proposition 4.1 are not particularly
restrictive. We say that an infinite-order element g € G is a Morse element (with
respect to Cay(G,S)), if the orbit map a: N — Cay(G, S) such that a(n) = ¢,
based at the identity element idg, is a Morse quasi-geodesic.

Corollary 4.3. Let G be a finitely generated group with Cayley graph Cay(G,S),
and let g € G be a Morse element with orbit a. Suppose that there exists a path
in Cay(G,S) that meets o only at its endpoints. Then, for a.e. w, the image w(«)
admits no Morse gauge.

Proof. Let 0 = idg. The orbit a contains a path 7 joining points z,y € « and
meeting « only at its endpoints. Suppose d(z,y) = n and |y| = k > n. Let
{R;}32, be an increasing sequence with R; — co. Since left multiplication by g is
an isometry of Cay(G, S) and preserves «, for each j choose t; € Z large enough so
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that z; := gz and y; := gy lie outside Bpg,(0), and set ~; := g~. So for each j,
we have

(1> d(xj?yj) = d(xa y) =n,

(2) xj,y; ¢ Br,(0),

(3) there exists a path v; of length & joining z; and y;,

(4) v; is disjoint from « except at the endpoints z;, y;.

Therefore, by Theorem 4.2, for a.e. w, w(«) admits no Morse gauge. 0

5. FIRST PASSAGE PERCOLATION IS A RADIAL MAP

In this section, we use some of the tools developed in [BT17] to show that first
passage percolation is a.s. a radial map on a large class of graphs. For this section,
we no longer consider the geometric realization of X,,. Henceforth, we only consider
X, as a combinatorial graph equipped with random edge metric d,,,.

Definition 5.1 ([DV15], Definition 2.4). Suppose X and Y are metric spaces. A
function f : X — Y is large scale Lipschitz (LSL, or (A, p1)-LSL) if there exists
A1, pt1 > 0 such that

dy (f(z), f(y)) < Mdx(z,y) + 1, Va,y€X.

Definition 5.2. Suppose X and Y are metric spaces. A function f : X — Y is
radial (A2, p2)-radial) with respect to o € X if it is large scale Lipschitz and there
exists Ag, po > 0 such that for every finite geodesic v : [0, M| — X, with v(0) = o
the following condition holds:

Ay d(w,y) — pp < d(f(2), f(y)), Va,y € Im(y).

Lemma 5.3. Let X = (V, E) be a connected graph. Assume 0 < b = Ew, < 00.
Then for a.e. w there exists ro = ro(w) > 0 such that

dw($a y) S de(l‘, y) + T
for every x,y € V.
Proof. Let z,y € X and let v be a geodesic connecting = to y. Then d(x,y) = |7‘

Let ' be the set of all self-avoiding paths connecting x to y. Then, by Proposition
2.5, for a.e. w we have

do(x,y) = inf |7/ < |y], < 26]7] + 70 = 2b d(2,y) + 7o

y'el’
Thus, we have shown that for a.e. w, w is a (2b, ry)-LSL map. O
Lemma 5.4. Let X = (V| E) be an infinite connected graph with ¢ < oo as an upper
bound on its degree. Suppose v({0}) = 0. Then there exists an increasing function

B :(0,00) = (0, — 1] such that lim;_,o 5(t) = 0 and such that for all sufficiently
small € > 0 and for all z,y € V

P(du(z,y) < e d(z,y)) < 2B(e)"™Y).
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Proof. Let x,y € X such that d(x,y) = n and let I be the set of all self-avoiding
paths in X connecting = to y. Let v denote a geodesic connecting x to y. Now,
observe that
do(z,y) = Inf 7]

For a.e. w, the infimum is attained by some ~, € I' because X, is almost surely
a geodesic space. Note that ”yw‘ > n as in the standard metric, =, is just a self-
avoiding path connecting x to y. By Proposition 2.6 for a path v of length n, we
have P(‘7|w < en) < a(e)". Since a(e) — 0 as € — 0, there exist ¢ such that for
every € < § we have 0 < gqa(e) < 1/2. Choose € < . Assume d,(x,y) < en. Then
we have ‘%‘w < en as ‘%}w =d,(z,y).

Let A, be the event {d,(x,y) < en = ed(x,y)} and let T’y be the set of all self-
avoiding paths of length k£ connecting x to y. By the bound on the degree of X, we
have Card(T') < ¢*. Then

U { |’V/|w < 5k}
U U< €k})

k>n ~'ely

ﬂ

S P (17l < ek)

< Z a(e)*  (by Proposition 2.6)

I
(S}
S
Q
—~
)
N~—
S
I
ing
—~
L)
e
—~
™
~—
~—
o

_ (ga(e))

1—qale)

2 (qa(e))” as qo(e) < 3
=20(e)".

Where we define 5 : (0,00) — (0,¢| as f(e) = ga(e) and ﬁ| 04 C [0,1]. Note
that B(e) is increasing and lim._,o(G(e) = 0, as a(e) is increasing and ¢ — 0 as
lim. o a(e) = 0. O

Lemma 5.5. Let X be an infinite connected graph with bounded degree, and let o
be some vertex of X. Assume v({0}) = 0. Then for a.e. w there exists a constant
¢ > 0 such that for a.e. w, there exists ro = ro(w) such that for every finite geodesic
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v :[0,n] = X with v(0) = o, the following condition holds:

Cd(']:’y)_T? de(l‘,y), vx7y6‘[m(7)

Proof. Let g be an upper bound on the degree of X. Then, the number of geodesics
of length n starting at o is at most ¢". For each geodesic 7 there there are (g)
possible combinations of two vertices on v which must satisfy the inequality.

On the other hand, by Lemma 5.4, given a A = 1/q2”(;), we can find a ¢ > 0
such that, given one of the aforementioned geodesics v, the probability that any two
points x,y in Im(y) satisfying d,,(x,y) < ¢ d(x,y) is less than A. So the probability
of v having two vertices x,y € Im(y) satisfying d,(z,y) < ¢ d(z,y) is less than
(Z))\ Thus, the probability that any of the geodesics of length n starting at o
having vertices z,y € Im(y) satisfying d,(z,y) < ¢ d(z,y) is less than ¢"(5)\ =
q" (g) 1/¢* (Z) = 1/q". Let A, be the event that a geodesic of length n starting at
o satisfies d,,(z,y) < ¢ d(x,y) for z,y € {7(0),7(1),...,7(n)}. Then Y > P(4,) <
> 1/¢" < 00. So, by the Borel-Cantelli lemma 2.8, P(A,, i.0.) = 0. O

Combining Lemma 5.5 and Lemma 5.3 we have shown
Corollary 5.6. For a.e. w, FPP is a (c,ry)-radial map with respect to o.

Definition 5.7. Let v : [0,n] — X be a geodesic path in X such that v(0) = o and
~v(n) = x, for some z,, € V. We define the w-velocity at x, to be

do(0,2,) _ du(0, )
v(@n) = dlo,z,)  n

Corollary 5.8. Let X be an infinite connected graph with bounded degree, and let

0 be a vertexr of X. Assume Ew, = b < oo and v({0}) = 0. Then, for a.e. w, the

w-velocity of geodesics starting at o is asymptotically bounded by constants.

Proof. Let v:[0,n] — X be a geodesic path in X with v(0) = 0 and v(n) = z, for
some x, € V.
By Lemma 5.3,

d,(0,x,) < 2bd(o,x,) + 10,
d,(0,x,) < 2bn + rg,

d,(0,z,) <%+ T |
n

n
v(x,) < 20+ o,
n
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On the other hand, by Lemma 5.5,

cd(0, ) — 12 < dy(0, Ty),

en —re < d,(0,x,),

e T2 dw(o,xn)’
n n
T2

c— - < u(zy,),

Combining these, we obtain

c— 2 < o(z,) < 2 + -2,
n n

Letting n = d(0, z,,) — oo we obtain

¢ < v(Ts) < 2D
U

We note that Corollary 5.8 gives an almost sure coarse bound on the w-velocity
of points at large distance from the origin provided the limit exists.
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